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A Hopf theorem for non-constant mean curvature 
and a conjecture of A.D. Alexandrov 

Jose A. Galvez and Pablo Mira 


Abstract. We prove a uniqueness theorem for immersed spheres of prescribed (non-constant) 
mean curvature in homogeneous three-manifolds. In particular, this uniqueness theorem proves 
a conjecture by A.D. Alexandrov about immersed spheres of prescribed Weingarten curvature 
in R® for the special but important case of prescribed mean curvature. As a consequence, we 
extend the classical Hopf uniqueness theorem for constant mean curvature spheres to the case 
of immersed spheres of prescribed antipodally symmetric mean curvature in R^. 


1. Introduction 

In his famous 1956 paper, A.D. Alexandrov [A2] conjectured the following result: 

Conjecture 1.1. Let S he a strictly convex sphere, and let ^{ki,k 2 ,x) G C^(Ll) be a 

function such that 

on the domain 12 C x given by 

12 = {(AKi(p),Att2(p),u(p)) 

where u : S' ^ is the Gauss map of S, and ki, K 2 : S R are its principal curvatures. 

Let / : M be the function defined by 

(1.1) $(ki(p),K2(p),u(p)) =/(u(p)) VpGS. 

Then any other compact surface E of genus zero immersed in whose Gauss map v and 
principal curvatures ki,K 2 satisfy dm) is a translation of S. 

This conjecture is known to hold when E is also a strictly convex sphere ([Ml [Ml EH E^; 
see |GWZ| for a historical account of the problem and a generalization). In particular, this 
provides uniqueness for geometric problems formulated in terms of the curvature radii I/k^ such 
as the Christoffel-Minkowski problem in R^, as the solutions to these problems are automatically 
strictly convex. Alexandrov stated without proof in |A2) that the conjecture holds provided both 
E, S are real analytic. 

In this paper we prove the Alexandrov conjecture above in the special but important case of 
prescribed mean curvature spheres, i.e. when $ = fci -|- ^ 2 - Observe that in this situation the 
immersed compact surface E is not assumed to be strictly convex. In order to state our results, 
we fix some notation. From now on, all surfaces will be assumed to be (at least) of class . 
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Definition 1.2. Given % € C^(S^), an immersed oriented surface E in with Gauss map 
p : E —> is said to have prescribed mean curvature % if 

Hy.{p) = 

for every p £ E, where is the mean curvature of E. 

Theorem 1.3. Let S' C R.^ be a strictly convex sphere with prescribed mean curvature TL £ 
Then S is (up to translations) the only immersed compact surface of genus zero in R^ 
with prescribed mean curvature TL. 

We will actually prove Theorem 11.31 as a particular case of a more general uniqueness theorem 
for immersed spheres of prescribed mean curvature in simply connected Riemannian homogeneous 
three-manifolds not isometric to the product space x R (see Theorem 14.11) . In particular, 

Theorem 14.11 covers the situation of prescribed mean curvature spheres in or where no 
similar result seems to be known. 

Remark 1.4. A classical result by Bonnet states that if there exists a diffeomorphism T ; Si — 
S 2 between two compact immersed surfaces Si, S 2 of genus zero in R^ such that T preserves both 
the metric and the mean curvature function of the surfaces, then Si and S 2 are congruent in R^. 
Note that in Theorem [731 we are not assuming that the spheres S and E are isometric, which is a 
key hypothesis of Bonnet’s problem. 

A famous theorem by H. Hopf (see for instance m) asserts that any compact constant mean 
curvature surface of genus zero immersed in R^ is a round sphere. As a consequence of Theorem ll.3l 
we obtain a generalization of Hopf’s theorem to the case of prescribed (not necessarily constant) 
antipodally symmetric mean curvature, as we explain next. 

In their seminal paper IGG], B. Guan and P. Guan proved that if 77 £ C^{S^) satisfies 
H(—x) ='H{x) >0 for all x £ then there exists a closed strictly convex sphere S-h in R^ with 
prescribed mean curvature TL. Note that when TL is constant, Sn is a round sphere of radius 1/TL. 
Thus, the next corollary is a wide generalization of Hopf’s theorem to the case of non-constant 
mean curvature: 

Corollary 1.5. Let E be an immersed compact surface of genus zero in R^ with prescribed 
mean curvature TL £ (7^(8^), where TL{—x) =TL{x) > 0. Then E is the Guan-Guan sphere Sn (up 
to translation). 

Corollary 11.51 follows directly from Theorem 11.31 and the existence of the Guan-Guan strictly 
convex spheres in m\ mentioned above. 

We have organized the paper as follows. In Section [7] we give some basic preliminaries about 
the geometry of simply connected homogeneous three-manifolds X not isometric to 8^ (k) x R, and 
explain how they admit an underlying Lie group structure. That is, they can be seen as metric Lie 
groups. In Section [3] we consider conformally immersed surfaces i/; : E —^ A in metric Lie groups, 
and deduce an equation that links the Gauss map and the mean curvature of ip. This can be seen 
as a Weierstrass type representation for surfaces in metric Lie groups with given mean curvature 
and Gauss map, in the spirit of the classical Kenmotsu formula |Ke] . 

In Section 0] we prove our main uniqueness result lTheorem l4.1l) about prescribed mean curva¬ 
ture spheres in metric Lie groups X. Specihcally, we prove that the existence of a compact surface 
S of genus zero in X with prescribed mean curvature TL £ C^(8^) and whose Gauss map is a 
diffeomorphism to 8^ implies the existence of a (non-holomorphic) complex quadratic differential 
for surfaces of prescribed mean curvature TL in X, which vanishes identically on open pieces of S 
and only has isolated zeros of negative index for any other surface. Theorem 14.11 follows then from 
the existence of this Hopf type differential by the Poincare-Hopf theorem, and reduces to Theorem 
1 1.31 when the homogeneous manifold X is the Euclidean space R^. 

In Section [ 5 ] we give some final remarks on our results; in particular we consider the case where 
the genus of the compact surface E is positive, and we show the necessity of the hypothesis that 
the Gauss map of S' is a diffeomorphism for Theorem 14.11 and Theorem 11.31 to hold. 

In the particular case that TL is constant. Theorem 14.11 follows from results by Hopf m when 
X has constant curvature, by Abresch and Rosenberg jAbRlL IAbR2| when X is rotationally 
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symmetric, by Daniel and Mira fPMl when X = S 0 I 3 , and by Meeks, Mira, Perez and Ros 
|MMPR| for general X. In particular, our proof is inspired by the study in fPMl IMMPR] of 
that constant mean curvature case. 

2. Homogeneous three-manifolds 

In this section we explain some basic geometric facts regarding homogeneous three-manifolds. 
More specihc details may be consulted in IMMPRLlMPl . 

Let be a homogeneous, simply connected Riemannian three-manifold, and assume that 

is not isometric to the product space S^(k) x K of a two-dimensional sphere §^(k) with the 
real line. Then is diffeomorphic to or S^, and is isometric to a metric Lie group, i.e. a 
three-dimensional simply connected Lie group X furnished with a left invariant metric (,). 

The isometry group of has dimension six, four or three. When the dimension is six, has 
constant curvature. When the dimension is four, is rotationally symmetric, and is one of the 
Riemannian fibrations ]E^(k, t), i.e. the product spaces ]HI^(k) x R and §^(k) x R for k 7 ^ 0, r = 0, 
the Heisenberg space Nila for k = 0,t ^ 0, and some rotational metrics on SU(2) or the universal 
cover of SL(2,R) if t 7 ^ 0 and k 7 ^ 0. See [Dl| for the details. A generic homogeneous three- 
manifold has isometry group of dimension three, and the identity component is generated by the 
group of left translations of X, when we view A as a metric Lie group. 

It is important to observe that the homogeneous three-manifolds R^,]HI^ and E(k,t) with 
K < 0 admit more than one Lie group structure for which the metric is left invariant. That is, 
these homogeneous three-manifolds are isometric to at least two metric Lie groups X, X' that are 
non-isomorphic as Lie groups. 

For computational purposes, it will be useful to divide the class of metric Lie groups X into 
two cases: unimodular metric Lie groups and non-unimodular metric Lie groups. (See [MP] for 
some equivalent definitions of unimodularity, although we will not use the concept itself, just 
the resulting classification of Lie groups). We note that R^ and are unimodular, while is 
non- unimo dular. 

2.1. Unimodular metric Lie groups. Let A be a three-dimensional unimodular metric 
Lie group. Then, there exists a left invariant orthonormal frame {Ei, E 2 , E 3 } in A which satisfies 
the following structure equations: 

( 2 . 1 ) [E2,E3] = ciEi, [E3 ,Ei] = C 2 E 2 , \Ei,E 2 \ = caifa, 

for certain constants ci,C 2 ,Ca G R, among which at most one a is negative. We call {Ei,E 2 ,E^} 
the canonical frame of A. 

Two unimodular metric Lie groups with the same structure constants are isometric and iso¬ 
morphic. Two unimodular metric Lie groups with the same signature for the triple (ci,C 2 ,ca) are 
isomorphic, but not isometric in general. If ci = C 2 = ca, then A has constant curvature. If two 
of the constants Ci coincide, A has an isometry group of dimension four, and hence is rotationally 
symmetric. 

The table below shows the six possible different Lie group structures depending on the signature 
of (ci,C 2 ,ca). Each horizontal line corresponds to a unique Lie group structure; when all the 
structure constants are different, the isometry group of A is three-dimensional. 


Signs of Ci,C 2 ,Ca 

dimlsom(A) = 3 

dimlsom(A) = 4 

dimlsom(A) = 6 

+ I +! + 

SU(2) 

SLrger > 0 

S3(n) 

+ 5 “ 

SL(2,R) 

E(k, t),k < 0 

0 

+ , -b, 0 

E(2) 

0 

(E(2),flat) 

+, 0 

Sola 

0 

0 

+, 0, 0 

0 

Nila =E(0 ,t), t^Q 

0 

0, 0, 0 

0 

0 

R3 


Table 1. All three-dimensional, simply connected unimodular metric Lie groups. Here, SL(2,R) 
is the universal cover of SL(2,R), E(2) the universal cover of the group of orientation preserving 
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Euclidean isometries of , S 0 I 3 is the universal cover of the group of orientation preserving isome¬ 
tries of the Lorentzian plane, Nils is Heisenberg group of real upper triangular 3x3 matrices, and 
is the abelian group. 

If we write 


(2.2) = -^{-Cl+C2 + C3), = ^{Ci - C2+C3), fi3 = -^{01 + 02-03), 

the Riemannian connection of {X, (,)) is given by 

(2.3) XsiEj = X Ej, {1,2,3}. 

Here, x denotes the cross product associated to (,) and to the orientation on X dehned by declaring 
{Ei,E 2 ,E 3 ) to be a positively oriented basis. 


2.2. Non-unimodular metric Lie groups. Let X be a three-dimensional, simply connected 
non-unimodular metric Lie group. Then we can view X as a semi-direct product X = R^ R 
endowed with its canonical metric, as we explain next. 

Let H be a 2 X 2 matrix with trace 2, which we write in the form 


(2.4) A = A{a,b) = a,6e[0,oo). 

Then we can consider the metric Lie group R^ R given as (R^ = R^ x R, *, (,)) where: 

(1) The Lie group operation * is given by 

(2.5) (Pi, ^i) * (P 2 , ^ 2 ) = (Pi + P 2 , + Z 2 ). 

(2) The canonical metric (,) is the left invariant metric on R^ x^iR (for the product * above) 
defined by extending the usual inner product of R^ at the origin to the whole space 
through the left invariant frame {Ei, E2, E3} of R^ x^ R given by 


( 2 . 6 ) 

(2.7) 


Ei{x,y,z) = aii{z)dx + a 2 i{z)dy, E 2 {x,y,z) = ai2(z)5x + a 22 iz)dy, E 3 = 5^, 
where 

gzA ^ f aii(z) 012(2:) \ 
y 021 ( 2 ) 022 ( 2 ) J ■ 


In this way, {Ei, E2, E3} becomes a left invariant orthonormal frame on R^ xa R, which we call 
the canonical frame of the space. 

In terms of A, the Lie bracket relations are: 


(2.8) [£;i,£; 2] = 0, [E3, Ell] = (1 + o)£;i+ 6(1+ 0)^2, [£;3,£;2] = 6(a-l)£;i + (l-a)£;2. 

From there, the Levi-Civita connection of R^ Xyi R is given by 


(2.9) 


'^EiEi = (1 + a) E 3 

= ohE^, 

E' E3E1 = bE2 


^ E 3 E 2 = ab E 3 
^E2E2 = (1 — o) E3 
V E 3 E 2 = —bEi 


VejE's = -(1 + a)Ei - abE 2 
VE 2 E 3 = —abEi - (1 - o) E 2 

^ E 3 E 3 = 0. 


The Cheeger constant Ch(R^ x^ R) of R^ x^ R is trace(H) = 2. We also note that every 
leaf of the foliation E = {R^ x^ {z} | 2 € R} has constant mean curvature H = trace(H )/2 = 1 
with respect to the unit normal vector field E3. In particular, by the mean curvature comparison 
principle, there are no immersed compact surfaces in R^ x^iR with mean curvature function |i7| > 1 
at every point. In other words, the critical mean curvature of R^ x^i R is 1 (see [MPllMMPRl 
IMMPR20 . 

This construction of R^ x^i R that we have just carried out recovers (up to homothety) all 
non-unimodular metric Lie groups: 

Fact (see [MPl): Let X be a simply connected non-unimodular three-dimensional metric Lie 
group, with its metric rescaled so that Ch(X) = 2. Then X is isomorphic and isometric to the 
semi-direct R^ x^i R with its canonical metric and A given by (12.411 for some a,b € [0, 00 ), 
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The hyperbolic three-space of constant curvature —1 is the semi-direct product xi^ R 
with A = 12- Similarly, if a = 1, 6 = 0 we recover the product space 4) x R. 

2.3. The Gauss map for surfaces in metric Lie groups. Let -0 : E —> X be an immersed 
oriented surface in a metric Lie group X, and let iV : T, ^ TX denote its unit normal. Note that 
for any x € X the left translation '■ X ^ X is a.n isometry of X. Thus, for every p S E there 
exists a unique unit vector v{p) G T^X, \v(p)\ = 1, such that 

dli,(p)(v(jp)) = N(p), Vp e E, 

where e denotes the identity element of X. 

Definition 2.1. We call the map z/ : E —>• = {u € Tf,X : |u| = 1} the Gauss map of the 

oriented surface tjj : H ^ X. 

The Gauss map u can be easily written in coordinates as follows: let {Ei, E 2 , E^} be a left 
invariant orthonormal frame of X, and write N = for the unit normal N of if. Then the 

Gauss map u : E —>■ C TgX is written with respect to the orthonormal basis of the Lie algebra 
{{Ei)e, {E2)e, iE3)e} aS U = (ui,U2,U3) : E -)■ S^. 

Note that if X is the Euclidean three-space R^, we have dl^ = Id for every a; G R^; thus, the 
Gauss map v in Definition 12.11 is the natural extension to metric Lie groups of the usual Gauss 
map of surfaces in R^. 

Also note that we can extend the notion of surfaces with prescribed mean curvature in terms 
of the Gauss map in R^ (see Definition 11.21) to the case of metric Lie groups: 

Definition 2.2. Let X be a metric Lie group, and H G C^(S^). An immersed oriented surface 
E in X with Gauss map u : E —> is said to have prescribed mean curvature % if 

= 'H{v{p)) 

for every p G E, where iLs is the mean curvature of E. 

Remark 2.3. When X is the hyperbolic three-space or the sphere the left invariant 
Gauss map u : E —> of Definition \2.2\ is usually called the normal Gauss map. The problem of 
prescribing a mean curvature function and the normal Gauss map in or has been treated, 
for instance, in [Ka[AATllAA2]. 

A different but also natural choice of Gauss map for surfaces in (which we do not treat 
here) is the hyperbolic Gauss map; see [EGMj for the study of a Christoff el-Minkowski problem 
in in terms of the hyperbolic Gauss map. 

Remark 2.4. In R^ the Gauss map of a surface S C is a diffeomorphism into if and 
only if S is a strictly convex ovaloid. In particular, S is embedded. This is not true in general when 
we substitute R^ by a metric Lie group X. For instance, in some homogeneous three-manifolds 
diffeomorphic (but not isometric) to there exist constant mean curvature spheres which are not 
embedded, but whose Gauss maps are diffeomorphisms into (see [MMPRL PTi^ ). 

2.4. The potential function of X. The next definition is a slight reformulation of the 
concept of 7L-potential of a three-dimensional metric Lie group in |MMPR.| . It will play an 
important role in our computations in the next two sections. 

Definition 2.5. The potential function of the space X is the map R{II, q) : R x C —>■ C given 
by 

(2.10) R{H,q) = H{l + \q\^)^ + eiq), 

where: 

(1) If X is unimodular, then 

Q{q) = ”2 (m 2 |i + + Aii|l — 9^1^ + 4p3|9|^), 

where /ii,/i 2 ,/J 3 G R are the related numbers defined in f2.2f) . 
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(2) If X is non-unimodular, and we rescale its metric as explained in Subsection \2.2\ so that 
Ch(X) = 2, then 

e{q) = -(1 - Igl") - a (g2 - q^) - ^b {2\q\^ -a{q^+1)) 

where a,b > 0 are the constants appearing in when we view X as the semi-direct 

product xi^ M. 

We will say that the potential R for X has a zero at go = cxd G C if limq_>oo R{H, g)/|g|'^ = 0 
for every H. 

The zeros of R are related to the existence of two-dimensional subgroups of X, as follows: 
R{HQ,qo) = 0 in X if and only if there exists a two dimensional subgroup in X with (constant) 
Gauss map go and (constant) mean curvature Hq (see Corollary 3.17 in IMP]). 

The potential function R has no zeros if X is compact (i.e. if X is diffeomorphic to S^). If X 

is unimodular and Hq ^ 0, then R{HQ,q) ^ 0 for all g G C. If X is non-unimodular, rescaled so 

that Ch(X) = 2 as explained in Subsection [221 and if |i7o| > 1, then R{Ho,q) ^ 0 for every g G C. 
Thus we have: 

Lemma 2.6. Assume that X is not compact, and let t)o(X) > 0 6e the number given by 
( f)o(^) = 0 if X is unimodular. 

\ f)o(^) = 1 if X is non-unimodular, rescaled to Ch(X) = 2. 

Then R{H, g) ^ 0 for every g G C and every H with \H\ > f)o(X). 


3. An elliptic PDE for the Gauss map 


A theorem by Kenmotsu |Ke] proves that a necessary and sufficient condition for a map 
g : E —^ C from a simply connected Riemann surface E to be the Gauss map of a conformal 
immersion '0 : E —>■ with a given mean curvature function : E —>■ (0, oo) is that 


Ozz = 


2g Hs 


for any conformal parameter z of E. Moreover, if this equation holds, the immersion ip can be 
recovered from g,H by an integral representation formula. 

In this section we extend this theorem to the general case where the ambient space is an arbi¬ 
trary simply connected homogeneous three-manifold X not isometric to S^(«:) xR. This also extends 
the Weierstrass type representation for CMC surfaces in homogeneous manifolds in |MMPR.j . and 
the work by Aiyama and Akutagawa lAATl [AA2] for prescribed non-constant mean curvature 
surfaces in and S^. 

In the next result E denotes a Riemann surface and z an arbitrary conformal parameter on 
E. We identify the Gauss map iz : E —>■ of an oriented surface ^ : E —> X with its south pole 
stereographic projection g, i.e. if X = ^ r'iEi with respect to the canonical frame {Ei, E 2 ,Eq} of 
X,then 


(3.1) 


9 = 


Vl + iV2 
1 + 1^3 


: E^C. 


Also, R{H, g) : R X C —>• C will denote the potential function of X (see Definition 12.51) . 


Theorem 3.1. Let tp : E ^ X be a conformally immersed oriented surface, and let H : E —^ R 
and g : E —>■ C denote its mean curvature and Gauss map, respectively. Then (g,77) satisfy the 
conformally invariant complex elliptic PDE 


(3.2) g ^2 = ^{H,g)g^gg {H,g)\g^\^ + ^{H,g)Hgg^, 

at all points p G E with R{H{p),g{p)) 0. 

Conversely, let E be simply connected, and let H : T, M. and g : E —>■ C satisfy: 

(1) R{H{p),g{p)) ^ 0 /or every p & E. 

(2) gz{p) ^ 0 for ever'^p G E. 


g{p) = 00 , the condition gz{p) 7^ 0 should be interpreted as liniz— Pp)l9{pf + 0. 
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(3) (H^g) are a solution to (I3.2|) . 

Then there exists a conformal immersion if : T, ^ X, unique up to left translations, with Gauss 
map g and mean curvature H. 


Proof. We will only prove the result for the case that X is unimodular; the argument when 
X is non-unimodular is exactly the same but some intermediate expressions are different because 
of the difference between the potential functions of unimodular and non-unimodular spaces. 

Let '(/) : S —^ X be a conformal immersion with unit normal N : T, ^ TX, and denote 
{dtp, dtp) = Ajdzp, where z is a local conformal parameter on S. Let {Ei, E 2 , E^} be the canonical 
left invariant orthonormal frame of X, as explained in Section [21 u : E —>■ be the Gauss map 
of tp and g be the Gauss map after stereographic projection (EH). We will work around a point 
p S S where p 7 ^ 0, 00 and R{H, g) 0. We can write 


3 

(3.3) = 'y^ Ai{Ei 0-0), 

for smooth functions : E —C, 


3 3 

tpz = '^Ai{EiOtp), N = y^ Vi{Ei otp), 
E —^ M, z = 1, 2, 3. Noting that, from (|3.ip . 


(3.4) (ui,u 2 ,u 3 ) = Y^^{g + g,i{g-g),l- \g\^), 

it follows easily from the metric relations {tpz,v) = {tpz,v) = 0 , {v,v) = 1 that, if we denote 
A 3 = 77 / 2 , then 



From here, 


(3.6) 


A = 2 ^|Al,p 
2=1 


(l + lglThP 

4|gP 


If we let V denote the Levi-Givita connection of X, a classical computation from the Gauss- 
Weingarten equations gives 

(3.7) = ^v. 

If we now express tpz and tpz as in (13.31) and use the relations between V and {Ei, E 2 , E 3 } given in 
(1231) , we can write (1X71) in coordinates with respect to {Ei,E 2 , E 3 }. Let us use brackets to denote 
coordinates in the {Ei,E 2 ,E 3 } basis. Then, we obtain 


[{Ai)z, (^ 2 )zi (^3)2] 

(3.8) 


- Ezj A^ AjXEiEj + ^[ui, U2, P 3 ] 

[g3^233 — p,2^3^2, P'3AiA3 — pi^ 3^1 , /i2Ai^2 — /Jl^2^l] 
-f^[ui,U2,U3]. 


The third equation in (13.81) gives, using (13.51) and (13.41) . 


(3.9) 


4?7z 


Hji-m ^ 

IgP 2 


gi 1 = + 5 


. 2 [.-g 


+ 9 


A similar process can be done with (1st) -|- i(2nd) equation in (|3.8L using again (13.51) and (13.41) . In 
this way we obtain 


4?7z 4p 


\v\ 


91 


(3.10) -277(1 -I- IpP) — i /ii ( IpP — - ] + P2 { |gp + - ) + 2p3 


9 


9 


9 


By comparing (13.101) with (13.91) . a computation provides the following expression for rj: 

^99z 


(3.11) 


1 = 


R{H,g)' 
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Differentiating (13.111) . we get 


(3.12) 


Vz 9z 9zz Rq / „ N Rq , „ n- Rh / „ n „ 


Finally, comparing (13.121) with (13.9|) and using (the conjugate of) (13.111) . we obtain the Gauss map 
equation (13.21) . By smoothness, it also holds when g = 0, oo (that (13.2|) extends to the points where 
g = oo can be easily checked by working at those points with the smooth function ip = 1/g). This 
completes the proof of the hrst statement of the theorem. 

The proof of the converse statement follows by a computation using the Frobenius theorem. 
Specifically, the argument follows very closely the proof of Theorem 3.7 in [MMPBj . which covers 
the case where H is constant. We give an outline next. 

Let g : T, ^ C and : E —>■ R satisfy conditions (1), (2), (3) as in the statement of Theorem 
o and assume that E is simply connected. We define Ai,A 2 ,A 3 : E —C as in (13.51) . where r/ 
is given by (13.111) : that all the A^’s have finite value at every p € T, follows from the fact that 
R{H,q)/\q\'^ has a finite limit at g = oo. We compute 


(3.13) 


Ml - ~ ^ -1 

^ RiH,gf^^ R{H,gy 

f-I g^-i 


{RiH,g)),g. 


2 g 


RiH,g) 


\9z 


‘^9 I „ |2 


{Rq{H, g)gg + Rq{H, g)g^ + Rh{H, g)Hg) g^ 


+ 


:\9z\^- 


R{H,g)' 

Using in this expression that g is a solution to (US), we get 


(3.14) (Ai),- = (2gR{H,g)-R,iH,g)ig^ - 1)) . 

Observe that the derivative Hg in (13.131) cancels in (13.141) with the Hg appearing after substituting 
gzz by its value in (13.21) . The same happens if we work with A 2 or A 3 instead of Ai. 

Note that (13.141) is exactly the same formula as (3.5) in |MMPR| (with the change of notation 
of substituting R{g) there by R{H,g) here). In other words, formula (3.5) in |MMPP.) also holds 
when H is not constant. 

At this point, the rest of the proof of the direct statement in Theorem 3.7 of |MMPR) never 
uses again that H is constant. Thus, it translates essentially word by word to our situation, up 
to the change of notation R{g) eA R{H, g) explained above. This finishes the proof of Theorem 

O □ 


3.1. Remarks. 

(1) In the proof of Theorem 13.11 we established that the metric of a conformal immersion 
Ip : T, ^ X with mean curvature : E —>■ R and Gauss map g is 

(3.15) (di^,#)=A|dzp, 

Thus, if R{H{p),g{p)) 0 for some p € E, then gz{p) ^ 0. 

(2) In particular, it follows from Lemma |2.6I that if X is compact, or if the mean curvature 
of '0 : E —A satisfies |i7| > f)o(W) when X is non-compact, then Pz 0 everywhere on 

E. 

(3) The converse of Theorem l3.1l Drovides a Weierstrass representation formula which recovers 
a conformal immersion tp : T, ^ X (with |iJ| > f)o(A) if X is non-compact) from its mean 
curvature function H and its Gauss map g. Specifically, if E is simply connected and 
(p, H) : E —> C X R satisfy conditions (1), (2), (3) in the statement of Theorem 13.11 then 
we can dehne A,; : E —>■ C, f = 1, 2,3, by 


Ai = 


1 

4 



A 2 = 


i 77 

T 




77 = 


4ggz 

Rig)' 
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and the immersion ip : T, ^ X with mean curvature H and Gauss map g may be recovered 
from {g, H) by integrating 

3 

ijj^ = oip) 

i=l 

on S. Here, {Ei,E 2 ,E^} is the canonical frame of X. The final formula for ip involves 
intricate integral expressions in terms of the coordinates of ip and the structure constants 
of X, and so will be omitted here. 

(4) As a consequence of the previous remark we have the following uniqueness result: Let 
ipi,ip 2 : S —^ X be two conformal immersions with the same mean curvature iJ : S —>■ R, 
the same Gauss map g : E —>• C, and so that R{H{z), g{z)) ^ 0 for every ^ S E. Then 
ip 2 = L o ipi for some left translation L : X ^ X. 

(5) The usual Hopf differential P dz"^ of '0 : E —>■ Ai is defined as 

P = -{V^^N,iP,), 

and can be computed using (13.41) . (13.5|) . (13.111) as follows: 

3 3 

P = ^ Aii'jAk{XEiEj.Ek) 

(3.16) 

where := {XEiEj,Ek) is a constant depending on the Lie algebra structure of X. 
Thus, using again the relations ()3.4() . (j3.5ll . (13.1111 we see that P can be written in the 
form 

(3-17) P = + U{g,g)gl, 

where U{g,g) is a rational expression in g,g whose coefficients depend on 

4. Prescribed mean curvature spheres: proof of Theorem 14.11 


Let X be a three-dimensional metric Lie group, and R G In this section we prove: 

Theorem 4 . 1 . Let S be an immersed sphere in X with prescribed mean curvature R G ( 7 ^( 8 ^), 
R > 0, and assume that the Gauss map v : S ^ EP' is a dijfeomorphism. 

Then any other immersed sphere E in X with prescribed mean curvature R is a left translation 
of S. In particular, E and S are congruent in X. 


Remark 4 . 2 . Theorem \4.1\ clearly implies Theorem 11.71 Note that under the hypotheses of 
Theorem, \1.S\. the prescribed function R G C^(S^) needs to be positive at every point. 


To begin the proof of Theorem 14.11 assume that there exists an immersed sphere S' in X 
with prescribed mean curvature R, and whose Gauss map u : S —is a diffeomorphism. Let 
G = 7 rou:S—T’C where tt denotes the stereographic projection from the south pole, i.e. if the 
unit normal of 0 is expressed as N = ViEi with respect to the canonical frame {Ei, E 2 ,E^} 
of X, then 


G = 


Vl + iV2 


S^C. 


1 + U3 

Then G is an orientation preserving diffeomorphism, and so — jGjp > 0. In particular G^ 7 ^ 0 
at every point. By (I3.15p . the potential function R{H,q) of X does not vanish at the points of 
the form {Hs{p),G{p)), where p G S and iLs is the mean curvature function of S. So, as G is a 
diffeomorphism, R{R{q),q) 7 ^ 0 for every q G C. 

Theorem 14.11 follows easily from the following result of independent interest: 


Theorem 4 . 3 . In the conditions of Theorem \4.1\ there exists a complex quadratic differential 
Q-yi dz'^ defined for any immersed surface ip : T, ^ X with prescribed mean curvature R, so that: 
(1) Qy.dz'^ vanishes identically on S. 
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(2) If Qn dz^ vanishes identically on ip : Tj ^ X, then ip(Tj) is a left translation in X of an 
open subset of S. 

(3) If Q-udz^ does not vanish identically on ip : T, ^ X, then the zeros of Q-^dz^ are all 
isolated and of negative index on E. 

Indeed, by the Poincare-Hopf theorem, a complex quadratic differential on C cannot have only 
isolated zeros of negative index. Thus Theorem 14.11 follows from Theorem 14.31 


Proof of Theorem 14.31 Define 
(4.1) M{q) = 


1 


: C^C, 


R{niq),q) 

which by the discussion above takes finite values, and let C{q) : C ^ C be 


(4.2) Ciq) = -^JG-\q))Miq). 

We define for any conformally immersed surface ip : T, ^ X with prescribed mean curvature 
H the complex quadratic differential Q-n dz^ on E given by 

(4.3) Qn = C{g)gl + M{g)gzgz- 


Here z is an arbitrary conformal parameter of E, and 5 : E —> C is the Gauss map of ip. 
We divide the proof of Theorem 14.31 into several claims. 


Claim 1: Qndz'^ is a well defined complex quadratic differential on any surface ip : ^ X 

with prescribed mean curvature H. 


Proof of Claim 1. The invariance of Qndz^ under conformal changes of coordinates is 
clear. Besides, it follows from the discussion above that C{g) and M{g) take finite values at points 
p G E where g{p) 00 . So, we only need to check that Qn can be defined even when g(p) = 00 . 
To do so first observe that, since the potential function R{H,q) satisfies that R{II, q)/Iql'^ has a 
smooth extension to q = 00 for every iJ G K., then \q\^M.{q) also has a smooth extension to g = 00 . 
Also, from the definition of C in (14.21) and the fact that Gz 0 (see the footnote in the statement 
of Theorem [XT] for the meaning of this condition at points where G = 00 ), we can deduce that 
|g|^£(g) also has a finite limit as g —>■ cxd. From here, one can easily show that Qn dz^ is well 
defined even at points p G E where the Gauss map g oi ip satisfies g(jp) = 00 . □ 

Claim 2 : Qn dz^ vanishes identically on S. And conversely, if Qn dz^ vanishes identically 
for some surface ip :'E ^ X of prescribed mean curvature R, then ip(T,) is a left translation of an 
open subset of S. 


Proof of Claim 2. The first assertion is trivial by the very definition of Qn- The converse 
statement can be proved using the idea in [DMl Lemma 4.6]. We include a proof here for the sake 
of completeness. 

Let i/! : E —>• A be a conformal immersion with Qn = 0, and let g : E —>• C be its Gauss 
map. Note that pj ^ 0 at every point. Also, as G : ^ = C —>■ C is an orientation preserving 
diffeomorphism, we have \Gz\^ — |Gzp > 0. Define (p : G~^ o g : E —)• ^ = C. An elementary 
computation shows that 


(4.4) 


{GzPz — Gzgz) , 


^ \Gz?-\Gz\^ 

where Gz, Gz are evaluated at (p{z) for every z G E. Since by hypothesis 

I^{g)gz + M{g)gz = 0 , 

we can rewrite (1X1) as 


1 


f(g) 

M{g) 


Gz — Gz ) Pz, 


(4.5) 


|G,|2-|G,-|2 
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where again Gz,Gz are evaluated at ^(z). Observe now that g = G o (j) and that C{G)Gz + 
M{G)Gz = 0 since Qu = 0 on S'. This implies by (14.51) that 4)z = 0, i.e. (f) is holomorphic. 

Therefore, up to a local conformal change of coordinates in E we can assume that G = g on a, 
neighborhood C/ C C of an arbitrary point zq of S. In particular the mean curvatures of and S 
coincide on U since ip and S have the same prescribed mean curvature function Ti and the same 
Gauss map. So, by the uniqueness in Theorem 13.II (see Remark 4 in Subsection 13.IL we have that 
ip{U) differs from an open set of S by a left translation in X. A simple continuation argument 
shows that the same is true for ip{'S). □ 

Claim 3: The maps C,Ai defined in (14.21) . (14.11) satisfy the following PDEs on C: 

(4.6) + (A + B)M = Hgil + \q\^f\M\^. 

(4.7) {Cq + 2AC) Z = {Cq + 2BC + BM- CH^(\ + \qff) M, 

Here A,B:C—^C are defined as 

(4.8) A(q) = B{q) (q) + (1 + \q\Ynq{q)Jm- 

Proof of Claim 3. To start, let us consider an arbitrary conformally immersed surface ip : 
E —>■ X with prescribed mean curvature H, and let 5 : E —>■ C denote its Gauss map. As 
R{'H{q), q) ^ 0 for every g € C, we have by p.l5l) that 5 ^ 7 ^ 0 on E. Let H be the mean curvature 
of Ip, given by = 'Ho g. Differentiating, 

Hz = 'Hq{g)gz + 'Hq{g)'gl- 

From here, a computation shows that the Gauss map equation (lO) for g can be written in this 
situation as 

(4.9) g^^ = A{g)gzgz+B{g)\gz\'^, 
where A{q),B{q) : C —>■ C are given by (14.81) . 

A direct computation shows that A4 satisfies (14.61) . In order to check that C satisfies (14.71) we 
first observe that 

(4.10) C{G)Gz+M{G)Gz = Q 

on S' = C, since Q-h vanishes identically on S. Differentiating (I4.10|) with respect to z and using 
(14.61) together with the fact that G satisfies (14.91) (since S has prescribed mean curvature Ti), we 
obtain 

0 = iCqiG)Gz + CqiG)G:)Gz+CiG)Gzz 

+iMq{G)Gz + MqiG)G:)Gz + A4(G)G,2 

= {Cq + AC}GzGz + {Cq + BC + BM}\Gz\^ 

-{AM}\G,\^ + {-BM + nq\M\^{l + IgmCzC:, 

where the functions between brackets are all evaluated at q = G(z). Using now the relation (14.101) 
in this equation, we arrive at 

{Lq + 2AC}GzG-z + {Cq + 2BC + BM- CnqM{l + \q\'^f}GzG: = 0. 

If we use now the conjugate of (14.101) and the fact that Gz ^ 0, the previous equation can be 
reduced to 

(4.11) {liqA2AC)Z= {LqA2BliABM-liU;^{\A\qff)'JA, 

with all functions evaluated at q = G{z). Since G is a diffeomorphism, we deduce that (14.71) 
holds. □ 

Claim 4: If Qqq dz'^ does not vanish identically on a surface ip : T, ^ X with prescribed mean 
curvature R, then it only has isolated zeros of negative index. 
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Proof of Claim 4. Let i/; : S —X be a conformal immersion with prescribed mean curva¬ 
ture 7^, and let g : S ^ C denote its Gauss map. Recall that g satisfies the PDE (14.91) . and that 
R{'H{q), g) 0 for every q G C. So, in particular, ^ 0 at all points of E. 

Let Q-udz^ denote the complex quadratic differential defined in (j4.3l) . By differentiating Q-r 
with respect to z and using (gH), we arrive at 

+{Mq -b AAi}gz\gz\^ + {Aiq -I- (-4.4- B)A4}g^\gz\'^, 

where the quantities in brackets are evaluated at g{z) for every z S E. As Mq + AM = 0 by 
definition of A, and M satisfies (14.61) . we obtain from (14.121) 

(4.13) 

{Qh)z = {Bq -b 2AC}gzg^z + {^q + -b BM}gz\gz\'^ + {77^(1 -b 
+{£77,44(1 + \q?f]gz\gz? - {£77,44(1 + \q?f}gz\gz? 

= gl ({£, + 2AL}gz + {£, + 2 BL + BM- £77,44(1 + 

+ |5.P(1 + \9\Y {{HqlMngz + {>C77,44}5.) 

where again the quantities in brackets are evaluated at g{z). Using finally that £ satisfies (14.71) 
and the definition of Q-h we obtain from (14.131) 


(4.14) {Qh)z = olQ-h + P Qn, 
where a, /3 : E —>■ C are given by 

a = 77,(ff)44(5)(l + \g\^fT^, P = { (ff) = - 

\ M J gz 

Since gz 0 on E, it is clear that a{zo), Pi^o) take values in C (i.e. they are finite) whenever 
g{zo) 7 ^ cx). So, from ()4.14l) and Q-h ^ 0 we have that 

(4.15) locally bounded 

\Qh\ 

around every zq G 'S with g{zo) ^ oo. 

When g(zo) = oo one can easily show from the above formulas that (14.151) also holds, by 
considering the map ^ = 1/g around zq- Thus, (j4.15() holds at all points. This condition is well 
known to imply that Q-h only has isolated zeros of negative index (see [adtI IjB] for instance). 

□ 

Note that Claims 1, 2 and 4 prove Theorem 14.31 

□ 

Let us point out here that the proof of Theorem 14.31 above also holds without the assumption 
that the surface S is compact. Specifically, we have: 

Corollary 4.4. Let S be an immersed surfaee with preserihed mean eurvature 77 G (7^(8^) in 
a metric Lie group X, and assume that its Gauss map G \ S \= G{S) C is an orientation 
preserving dijjeomorphism onto its image. 

Then there exists a complex quadratic differential Qh dz'^ defined for any immersed surface 
Ip : T, ^ X with prescribed mean curvature 77 and Gauss map image contained in Li, so that 
conditions (1), (2) and (3) in Theorem\4.3\ hold. 
















A HOPF THEOREM AND A CONJECTURE OF ALEXANDROV 


13 


5. Final remarks 

5.1. Necessity of strict convexity. Theorem ll.3l is not true in general if we do not assume 
that there exists a strictly convex sphere with prescribed mean curvature % £ (7^(8^). In fact, the 
condition of S being strictly convex (i.e. of positive curvature at every point) cannot be weakened 
to S being just convex (i.e. of non-negative curvature), as the following example shows. 

Example 5.1. Let C = {(x,y,z) € : x'^ + y'^ = 1,-1 < < 1}, and let Q he a smooth 
rotational convex graph z = z{x,y) on D = {{x,y) : x"^ + y'^ < 1} with z{dD) = 1, so that 
S = C U Q Li {—G) is a convex (but not strictly convex) sphere in 

Now let C = {(cc, y, z) £ = 1, —2 < 2 < 2}, let Q' be the vertical translation of G 

so that its horizontal boundary is contained in the plane z = 2, and define S' = C L) G' LI {—G'), 
which is again a (not strictly) convex sphere in R^. 

It is then clear that there is a diffeomorphism <)>: S ^ S' such that, for every p € S: 

(1) The Gauss map of S at p agrees with the Gauss map of S' at (f>{p). 

(2) The principal curvatures of S at p agree with the principal curvatures of S' at 4>(p). 

In particular, S and S' are two convex spheres in R^ with the same prescribed mean curvature but 
which do not coincide up to translation in R^. 

5.2. Higher order contact -with spheres. Let S, S* be two immersed surfaces of prescribed 

mean curvature TL £ (7^(8^) in a metric Lie group X, and assume that they have a contact point 
of order fc>latp£5'n S*. We assume that the potential function R satisfies R{'H{qo), go) ^ 0 
where go £ C denotes the common Gauss map image of both S, S* at p. By reparametrizing both 
surfaces in a suitable way we may view S, S* around p as two conformal immersion : D —^ 

with '0(0) = '0*(O) = p, whose Gauss maps g,g* satisfy g(0) = 5*(0) =: go £ C, and such that 
gz{0) = (g*)z(0) = 1. Note that these conditions imply by (13.151) that the conformal factors A, A* 
verify A(0) = A*(0). 

Also, note that the mean curvatures of ip and 0* also coincide at 0. Thus, S, S* have a 
contact point of order fc > 2 at p if and only if their respective Hopf differentials Pdz'^, P*dz‘^ 
satisfy P{0) = P*{0). It follows from the expressions of A and P in (I3.15I) and (I3.17I) that, in our 
conditions, P{0) = P*{0) is equivalent to 5^(0) = (g*)z(0). 

Suppose now that S' is a compact surface of prescribed mean curvature R whose Gauss map is 
a diffeomorphism into C. Note that in this case the condition R{'H{qo), go) 0 holds automatically 
for every go £ C, see Section 4. Let Qn dz^ denote the complex quadratic differential associated 
to S, given by (1131) : note that Q-h dz^ is defined for any conformally immersed surface in X with 
prescribed mean curvature R. 

Then, using the previous discussion together with the fact that = 0 on S, it is easy to 
check that a surface S* of prescribed mean curvature R in X has a point p G S* with Q-h{p) = 0 
if and only if S* has a contact of order k >2 at p with a left translation of the sphere S. 

In addition, as Qu dz^ only has isolated zeros of negative index on S* by Theorem 14.31 the 
Poincare-Hopf theorem shows that if S* is compact and of genus g > 1, then the number of zeros 
of Qh dz"^ on S* (counted with multiplicities) is finite and equal to 4g — 4. 

As a consequence of this discussion and the existence of the Guan-Guan spheres in R^ for 
R £ C^(§^) with R{x) = R{—x) > 0, we have the next corollary: 

Corollary 5.2. Let R £ C^(§^) satisfy R{x) = R{—x) > 0 for every x £ let Sn C R^ 
be the Guan-Guan sphere for R, and let Y, be a compact immersed surface in R^ of genus g with 
prescribed mean curvature R. Then, up to a translation in R^.' 

(1) Ifg = 0, then Y = Sn- 

(2) If g = 1, then Y has no point of contact with S-u of order greater than one. 

(3) If g >2, then Y has at most 4g — 4 points of contact with S-u of order greater than one. 
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